We provide a new simple proof of local-in-time existence of regular solutions to the Euler equation on a domain with a free moving boundary and without surface tension in 2 space dimensions. We prove the existence under the condition that the initial velocity belongs to the Sobolev space H 2.5+δ where δ > 0 is arbitrary.
The boundary is assumed to move with the velocity, and a pressure boundary condition is imposed which incorporates or neglects surface tension effects p(x, T ) = σ(x, T ) in ∂Ω(t) × (0, T ) (1.3) where σ(x, t) is the mean curvature of the boundary ∂Ω(t) and ≥ 0. Our focus in this paper is on the surface tension free case = 0. Although the existence of local-in-time solutions in two space dimensions has been known under the assumption of small and irrotational initial data since 1974 [18, 22, 28] , the general well-posedness of the system has been an open problem for many years to follow until Ebin showed in [10] the ill-posedness when no additional assumptions are imposed on the initial data. In contrast, the presence of surface tension has a regularizing effect and no additional assumptions were required to guarantee existence of solutions [11, 29, 20, 7, 4] .
Since the major works [25, 26] by Wu, who proved the local existence for the irrotational case without any smallness condition on the initial data in two and three dimensions, much progress has been made in understanding the problem and 298 IGOR KUKAVICA AND AMJAD TUFFAHA a variety of methods have been developed. In particular, starting with Lindblad and Christodoulou [9] many results appeared treating well-posedness without the irrotationality assumption but under the more general Rayleigh-Taylor sign condition [6, 15, 16, 17, 21, 30, 7, 8, 3, 4] (c.f. also [1, 2, 5, 14, 19, 23, 27] for some other papers treating problems involving free-boundary).
While many of these works adopt the geometric point of view, in [7, 8] Coutand and Shkoller solved the problem by recasting the system in the Lagrangian formulation. The approach, which relies on div-curl type estimates to establish a priori estimates, requires control of the tangential derivatives of the velocity. The main obstacle in this approach has been the apparent high order derivatives falling on the variable coefficients involving the Jacobian matrix of the flow map. The authors in [7, 8] circumvented this difficulty by utilizing the Rayleigh-Taylor sign condition on the pressure to produce a positive term of comparable order to control the high order terms. It is observed that the result therein involves a loss of regularity in the velocity with respect to the initial data and the flow map. In particular, the authors rely on the div-curl estimates to estimate the flow map but the regularity of the velocity falls short. In [8] , the authors establish local existence for the initial velocity belonging to H 3 .
In this paper, we establish a local existence result for the 2 dimensional case using the Lagrangian formulation. In particular, we prove the regularity of solutions in the borderline case C([0, T ]; H 2.5+δ ), where δ > 0, for both the flow and the velocity under an H 2.5+δ assumption on the initial velocity. This existence theorem improves the best known regularity results requiring H 3 initial data for the two dimensional system under the Rayleigh-Taylor condition and without further assumptions on the initial vorticity.
2.
The model and the main result. We consider the Euler equation for an incompressible ideal fluid on a domain with a free moving boundary and no surface tension. The domain Ω(t) evolves according to the unknown position function η(x, t). The dynamics are best described by the Lagrangian formulation of the Euler equation on the initial domain Ω = Ω(0) ⊂ R n . For simplicity of presentation, we assume that Ω is a flat channel, i.e.,
with periodic boundary conditions along the x 1 direction with the period assumed to be constant. The general case can be carried by the standard partition of unity arguments. We assume that the moving boundary is the top boundary
while the rigid part Γ 0 is the bottom
We denote by v(x, t) = (v 1 , v 2 ) the Lagrangian velocity of the fluid and by q(x, t) the Lagrangian pressure. The Euler equation then reads
with the summation over the repeated indices understood. The unknown coefficients a i j denote the ij entry of the 2 × 2 matrix a = (∇η) −1 (2.6) where η is the unknown position function
which determines the evolving domain Ω(t) = η(Ω, t).
We impose the surface tension free boundary conditions on the moving boundary Γ 1 q = 0 on Γ 1 × (0, T ) (2.9) and the usual zero normal velocity condition on the stationary part
where N = (N 1 , N 2 ) denotes the outward unit normal vector at the boundary. Our main result in this paper is a simple proof of existence and regularity of a local-in-time strong solution (v, q) to the above system (2.4)-(2.5) satisfying the boundary conditions (2.9)-(2.10), which we formulate in the following theorem.
Theorem 2.1. Let Ω be as above, and let δ > 0. Assume that v(·, 0) = v 0 ∈ H 2.5+δ (Ω) ∩ H. Furthermore, assume that the initial pressure q(·, 0) satisfies the Rayleigh-Taylor condition
for all x ∈ Γ 1 . Then, there exists a strong solution (v, q, η) to the system (2.4)-(2.5) with the boundary conditions (2.9)-(2.10) such that
for some time T > 0 depending on the initial data.
The proof of the theorem is based on a priori estimates presented in the next four sections. They can be made rigorous by the horizontal mollification procedure introduced in [7, 8] .
Note that, given the assertions (2.12), the Rayleigh-Taylor condition (2.11) can be extended for t > 0. More precisely, our a priori estimates assure that q t (·, t) H 2.5 ≤ K for t ∈ (0, T ], where K depends on v 0 H 2.5+δ . Then, using Agmon's inequality,
for t ∈ (0, T ] provided T is reduced so that T ≤ c 0 /CK. This is why when establishing the a priori estimates, we may assume that the condition (2.11) holds not only at 0 but for all t ∈ [0, T ].
3. Preliminary lemmas. The following lemma provides preliminary properties and estimates on the coefficient matrix a. The statement shall be used with r = 1.5 + δ.
Lemma 3.1. Let r > 1, and assume that ∇v L ∞ ([0,T ];H r (Ω)) ≤ M . If T ≤ 1/CM , where C is a sufficiently large constant, the following statements hold:
for j, l = 1, 2 and
for j, k = 1, 2. 
with (iii) and (v).
4.
The pressure and the second derivative estimates. In the following lemma, we establish the elliptic estimates satisfied by the pressure and by v tt . In order to simplify the notation, we denote by g H s and g L p the Sobolev H s norm and the L p norm of a function g on Ω, respectively.
(Ω)) and that the estimates of Lemma 3.1 are satisfied for a sufficiently small constant > 0. Then for all t ∈ [0, T ] the pressure q satisfies
Proof of Lemma 4.1. (i) Applying a j i ∂ j to the Euler equation (2.4), summing over i, j = 1, 2 and rearranging the terms we obtain
where we used the time differentiated divergence condition (2.5) in the last step.
Using the Piola identity ∂ j a j i = 0 (4.2) (it may be verified by direct computation that ∂ j b ij = 0 if [b ij ] is a cofactor matrix of ∇c for any smooth c : R n → R n ), we may rewrite (4.1) for fixed t ∈ [0, T ] as an elliptic equation
3) is supplemented with the boundary condition (2.9) on Γ 1 . On Γ 0 , (2.10) implies a k i ∂ k qN i = 0 which may be, using (4.2), rewritten as a Neumann boundary condition
where
where we used Lemma 3.1 to estimate the norm of the coefficient matrix a as well as the multiplicative Sobolev inequality
Choosing > 0 sufficiently small, we may absorb the last term on the far right side of (4.7) and obtain
which is the claimed inequality.
(ii) Differentiating the equation (4.3), we obtain
The boundary conditions read
and
Therefore, q t satisfies the elliptic estimate
Using the inequality (4.8), we get
We next apply Lemma 3.1 (in particular,
Choosing > 0 so that we may absorb the last term on the right side and then using (4.9), we get the claimed estimate.
(iii) We first differentiate (4.10) and the corresponding boundary conditions (4.12) and (4.13), and then apply the elliptic estimate in order to obtain
Substituting the last two inequalities in (4.18), using parts (i) and (ii), using Lemma 3.1, and choosing > 0 sufficiently small, we obtain the desired inequality.
(iv) Differentiating the Euler equation
Hence, we may establish a bound on v tt as
The estimate (iv) then results from applying (i) and (ii). 
as claimed.
We shall also need the following Kato-Ponce type estimates from [12, 13, 24] . Let J = (−∂ 2 1 ) s/2 , which is a differential operator on Ω = R × [0, 1]. Then, for s ≥ 1,
where 0 < s 1 < s and 1/p 1 + 1/p 2 = 1/q 1 + 1/q 2 = 1/2 with 2 < p 2 , q 1 < ∞. On the other hand, for s ≥ 1, we have
where 1/p 1 + 1/p 2 = 1/q 1 + 1/q 2 = 1/2 and 2 < p 1 , q 2 < ∞ [24] . In addition,
with 1/p 1 + 1/p 2 = 1/q 1 + 1/q 2 = 1/2 and 2 ≤ p 1 , q 2 < ∞ [24].
5.
The energy and the tangential estimates. In this section, we obtain uniform energy and tangential estimates on the solution (v, η, a, q). First, we state the energy estimates for v L 2 and v t L 2 .
Proof of Lemma 5.1. The equality (5.1) follows by multiplying the equation (2.4) scalarly with v and using the divergence-free condition (2.5). For the second identity (5.2), we take a time derivative of the equation (2.4) and multiply it scalarly with v t . We obtain
and thus 1 2
The inequality (5.2) then follows after dividing with v t L 2 and integrating in time.
Next, we introduce the tangential differential operator ∂ s of order s which is defined by
Note that the operator −∂ 2 agrees with the horizontal Laplacian ∂ 11 . For short, we denote S = ∂ 2+δ .
(5.6)
The main result of this section is the following tangential estimate.
Lemma 5.2. For every ∈ (0, 1], we have
where P and Q are polynomials in indicated arguments.
Proof of Lemma 5.2. We first differentiate (2.4) in time and apply the differential operator S in order to obtain
Multiplying this equation with Sv i t and summing over i = 1, 2, we get 1 2
Next, we treat each of these two terms. First, using a t = −a : ∇v : a, we may rewrite the term I as
and thus we have
(5.11)
Integrating by parts in time,
which we may write as
denotes a generic polynomial depending on the indicated arguments and where
denotes a generic polynomial depending on v 0 H 2.5+δ . Now, we treat the term
Integrating by parts in x s , we may rewrite it as Also, the last term I 25 vanishes for the following reason. By (2.7) and (2.10) we have η 2 = 0 and thus ∂ 1 η 2 = 0 on Γ 0 . From (2.6) we then obtain a 2 1 = 0 whence a 2 i Sv i t = a 2 2 Sv 2 t = 0 on Γ 0 by (2.10). The term I 23 is rewritten using differentiation by parts in time as The sum of the terms I 231 , I 233 , and I 234 equals
and this is controlled by P . In order to treat I 235 , we write
The time integrals of both terms are bounded by For I 232 = − Ω a k l Sv l t a s i ∂ k qS∂ s v i dx, we have
The time integral of the commutator term I 2322 is bounded by (5.19) . For the first term I 2321 , we integrate by parts in time and obtain
The time integrals of the first four terms are bounded by (5.19) , while the time integral of the fifth term is bounded by
Next, we treat the critical term I 24 . First, using ∂ 1 q = 0 on Γ 1 , we have
from where, integrating in the time variable, t 0
∂ t a 2 l Sv l a 2 i Sv i ∂ 2 q dσ(x) ds. (5.28)
Using the trace and multiplicative Sobolev inequalities, we observe that the third and the last term are bounded by (5.19) , while the the second term is bounded by Q. Hence, using (2.13),
The term I 3 is treated the same way as I 1 leading to the estimate
We next estimate I 4 = − Ω a k l ∂ s v l a s i ∂ k SqSv i t dx, which is, using differentiation by parts in t, rewritten as 
Lastly, the time integral of I 5 is bounded by (5.19) using the commutator estimate (4.30). Now, we turn our attention to J, which may be rewritten as
The time integral of the commutator term J 3 is bounded by (5.19) , and thus we only need to treat the remaining terms J 1 and J 2 . For J 1 , we integrate by parts in time and obtain
where P and Q are as in (5.15 ) and (5.16) respectively. Lastly, for J 2 , we integrate by parts in x k . Using (4.2) and (2.9), we obtain The fourth term J 24 vanishes since for i = 1 we have a 2 1 = 0 on Γ 0 while for i = 2 we use (2.10). The time integral of the third term J 23 is bounded by t 0 P ds. For the first integral J 21 , we write
and this term's integral is also bounded by t 0 P ds, while for J 22 , we have
which is bounded by P . Collecting all the estimates above, we get
Using the -Cauchy-Schwarz inequality and Lemma 3.1(iii) with r = 1.5 + δ, we get
The inequality (5.7) follows by observing
6. The divergence and the curl estimates. Define the Lagrangian curl operator B a by
which corresponds to curl u in Eulerian coordinates.
Lemma 6.1. The Lagrangian curl of v satisfies the estimate 
This allows for an estimate
and the inequality (6.2) is established.
Lemma 6.2. The time derivative of v satisfies the divergence estimate
for all t ∈ (0, T ).
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Proof of Lemma 6.2. The divergence condition (2.5) after time differentiation reads
Hence, the Lagrangian divergence of v t satisfies
From [8] , we recall an inequality
where ∂ = ∂ 1 . This estimate, which holds for s > 2, establishes the regularity of a function in terms of the regularity of its divergence and curl as well as the boundary regularity.
For the next lemma, recall that S = ∂ 2+δ .
for all t ∈ (0, T ] provided T is so small that Lemma 3.1(vii) holds with smaller than a constant.
Proof of Lemma 6.3. Applying (6.11) with s = 2.5 + δ, we get
Note that the last boundary term vanishes on the stationary part of the boundary Γ 0 . Also, observe that In order to obtain (6.12), we need to estimate the last term on the right side of (6.18). For this purpose, we write
Replacing this inequality in (6.17) and choosing > 0 sufficiently small (and thus reducing T appropriately), we obtain (6.12). Similarly, v t satisfies the estimate
provided > 0 is sufficiently small. Now, replacing Also, by (6.4), we have curl v t H 1+δ ≤ C I − a H 1+δ v t H 2+δ ≤ C v t H 2+δ . Replacing this inequality and (6.24) into (6.22), we get (6.13) provided > 0 is sufficiently small.
Proof of Theorem 2.1. The proof of the theorem is based on a priori estimates, which can be made rigorous by the horizontal mollification procedure from [7, 8] .
Replacing the energy equality (5.1), the tangential estimate (5.7), and the curl estimate (6.2) into the inequality (6.12), we get 
Finally, Gronwall's lemma gives the desired a priori bounds on v, v t , and η. The claimed pressure regularity then follows from Lemma 4.1.
